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7. 


ON A CLASS OF DIFFERENTIAL EQUATIONS, AND ON THE 
LINES OF CURVATURE OF AN ELLIPSOID. 


[From the Cambridge Mathematical Journal, vol. 111. (1843), pp. 264—267.] 


CONSIDER the primitive equation 


fetgy thet... BO Se res nc edits Yin tee cane Laibegs (1), 
between n variables v, y, z, the constants f, g, h being connected by the equation 
TINT ay We EUAN » eaa e ES (2), 
H denoting a homogeneous function. Suppose that f, g, h...... are determined by the 
conditions 
fa, a FIr + hep... RS taal cis TE Semis (3), 
fakat Gyms + Rena... =0, 
Then writing A AE LAD a A NE Bile) NÄ (4); 
Yrs a ; 
Yn—2 Aa tee 
with analogous expressions for y, Z...... ; the equations (3) give f, g, h,...... proportional 
t-a i ereas or eliminating f, g, h...... by the equation (2), 


CO AOE EA E (5). 


Conversely the equation (5), which contains, m appearance, n (n—2) arbitrary 
constants, is equivalent to the system (1), (2). And if H be a rational integral 
function of the order r, the first side of the equation (5) is the product of r factor 
each of them of the form given by the system (1), (2). 
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Now from the equation (1), we have the system 


feo gy SO AR OS Me NPE. Fai E E T (6), 
Jaz +gdy +thdz ...... =U; 
Sd" a + gdy + hd” z ...... = 0, 
or writing X=Y EEE CAR 
| Gi, OR. oi | 
| dy, dz, ... | 
with analogous expressions ie Foss ; then from the equations (6), f, g, h...... are 
proportional to X, Y, Z......: or, eliminating by (2), 
FM Leong Mae IM: ceo SN RE A S A cate (8) 


Yonversely the integral of the equation (8) of the order (n—2) is given either by 
the system of equations (1), (2), in which it is evident that the number of arbitrary 
constants is reduced to (n—2); or, by the equation (5), which contains in appearance 
n(n—2) arbitrary constants, but which we have seen is equivalent in reality to the 
system (1), (2). 


Thus, with three variables, the integral of 


H (ydz— zdy, zdæ — xdz, zdy — ydæ)=0 onenen, (9) 
may be expressed in the form | 

Hya =i oa aT fy — Ty) =O aese a y (10), 
and also in the form aS E L A E E E a y, 
where FECTS By O A E E T (12). 


The above principles afford an elegant mode of integrating the differential equation 
for the lines of curvature of an ellipsoid. The equation in question is 


(b? — ¢*) adydz + (2 — a’) ydzda + (a? — b*) zdady = 0.............., (13), 
where æ, y, z are connected by 
a Pe 
SOR, Seep nes Ge BY, oS ae alee ee awed ee Ait doh eel oe? 1 
T+%+5=l (14); 
Dr ot or ee 3 
writing AE AE TEE E AE E A T (15), 
these become 
(b? — c*) ududw + (c? — œ) vdwdu + (a? — b’) wdudv=0............... (16), 
tb Be Ue TE a E E E E (17). 
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Multiplying by 
— {(vdu — udv) (wdv — vdw) (udw — wdu)}>, 
the first of these becomes 


ad RMON isc. Le ety: cee 
(vdu — udv)(udw—wdu) © (wdv — vdw) (vdu — udv) ` (udw — wdu) (wd — vdw) 


but writing (17) and its derived equations under the form 


HE CR HY A con csids E 


du + (dv + dw) = 0, 


we deduce — du (v + w) + u (dv + dw) =— du... ccc sees 
Le. — du = — (vdu — udv) + (udw — wdu) ....ccccccceeeeeee es 


and similarly 
— dv = — (wdv — vdw) + (vdu — udv), 


— dw = — (udw — wdu) + wdv — vdw). 


Substituting, 
b — e? P — a a? — b? 
wdv—vdw ` udw —wdu ` vdu — udv ~ 
the integral of which may be written in the form 
b- e e—a a? — b 
WY, — VW, WW, — WI,” VI — vu 


where, on account of (17), 


wtu twl A I a A E A EAA E A T 


and also in the form JRA GO ABW E E E E 


where f, g, h are connected by 


b- -a a-b 


or J + 5 LTE poe ae eae 
this last equation is satisfied identically by 
b- e e—a? a? — b? 
f= mao I= (Ae PST ae GIE E ET, 


Oy 


ee 


...(20), 


[7 


Restoring æ, Y, Z, %, Yı, % for u, v, W, th, %, W, the equations to a line of curvature 
passing through a given point 2,, y,, 2, on the ellipsoid, are the equation (14) and 


E-e) (a) wa | 
a? (y,22" e yz,?) b2 (22x? i z2) Ce (sèy? — gz y?) i 
or again, under a known form, they are the equation (14) and 


(b?— c?) a 2 — a? y? a-b 2? 


B-OCa@' Cab AF a 
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From the equations (14), (29) it is easy to prove the well-known form 


a ye ee $ 
mae hae tae vide E ecg + akan tetas (30) ; 
in fact, multiplying (29) by m, and adding to (14), we have the equation (30), if the 
equations 


1 b—c? 1 $ 

PE -H m PO z = PENi E ESL A A ein’ (31), 
1 e—a 1 T 

BT" OL ho’ 


Lt Seon gt MA.. 
a A2- Be (+0) 


are satisfied. 
But on reduction, these take the form 
' (B? — C*) 0 + (Bh — e) m0 + ma? (b= 0?) = 0, ennaa, (32), 
(C2 — A*) 8 + (e — a’) mÀ + mb? (c? — a?) = 0, 
(A? — B?) 6+ (a? — b?) m0 + me (a — b?) = 0, 


and since, by adding, an identical equation is obtained, m and @ may be determined 
to satisfy these equations. The values of 0, m are 


(@— V) Ge) (t — a’) 


paa A FLICT OETIC I E n> sore I A (33), 
TE DE e eon OAR E E (34). 


T 
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